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On the 1/N–expansion in chiral perturbation theory
H. Leutwylera∗
aInstitute for Theoretical Physics, University of Bern, Sidlerstr. 5, CH-3012 Bern, Switzerland
In the first part of the talk, I presented a review of the results for the light quark masses obtained on the basis
of chiral perturbation theory. As this material is described in ref. [1], the following notes only concern the second
part, which dealt with the behaviour of the effective theory in the large–Nc limit.
Talk given at QCD 97, Montpellier, July 1997
1. Ward identity
The low energy properties of QCD are governed
by an approximate, spontaneously broken sym-
metry, which originates in the fact that three of
the quarks happen to be light. If mu,md,ms are
turned off, the symmetry becomes exact: The
QCD hamiltonian is then invariant under inde-
pendent rotations of the right- and lefthanded
quark fields. For such a theory to describe the
strong interactions observed in nature, it is cru-
cial that this symmetry is spontaneously broken,
the ground state being invariant only under the
subgroup generated by the charges of the vector
currents. There are theoretical arguments indi-
cating that chromodynamics indeed leads to the
formation of a quark condensate, which is invari-
ant under the subgroup generated by the vector
charges, but correlates the right- and lefthanded
fields and thus breaks chiral invariance [2]. The
available lattice results also support the hypothe-
sis. In the following I take this generally accepted
picture for granted.
It is easy to see why a nonzero quark conden-
sate implies that the spectrum of the theory con-
tains massless particles. Consider the two–point–
function formed with an axial vector current and
a pseudoscalar density,
Aaµ = qγµγ5
1
2λ
aq , P a = q iγ5λ
aq ,
where λ0, . . . , λ8 is a complete set of hermitean
3 × 3 matrices in flavour space, normalized by
tr(λaλb) = 2 δab. If the quark masses are
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dropped, this function obeys the Ward identity
∂µ〈0|TAaµ(x)P b(0) |0〉 = (1)
− i2δ(x)〈0|q{λa, λb}q |0〉
+ tr(λa) 〈0|Tω(x)P b(0) |0〉 .
The first term on the r.h.s. is proportional
to the quark condensate, which in the chi-
ral limit is flavour independent, 〈0|qf ′ qf |0〉 =
δf ′f 〈0|uu |0〉. The second term arises from the
anomaly and involves the winding number den-
sity ω = trc(GµνG˜
µν)/(16π2).
On account of Lorentz invariance, the Fourier
transform of 〈0|TAaµ(x)P b(0) |0〉 is of the form
qµF
ab(q2). For the octet components, where
the anomaly term does not contribute, the Ward
identity states that q2F ab(q2) is a constant.
A nonzero quark condensate thus implies that
F ab(q2) contains a pole at q2 = 0. The explicit so-
lution of the Ward identity reads (a = 1, . . . , 8):∫
d4x eiqx 〈0|TAaµ(x)P b(0) |0〉 =
2 δab
qµ
q2
〈0|uu |0〉 .
A pole term of this form arises if and only if the
sum over intermediate states on the left exclu-
sively receives contributions from massless one–
particle states: The spectrum of QCD must con-
tain an octet of pseudoscalar particles, which be-
come massless in the chiral limit.
In the case of the singlet current, the anomaly
spoils current conservation. The Ward identity
does not require the Fourier transform to con-
tain a pole, but merely implies that the inte-
2gral
∫
d4x〈0|Tω(x)P b(0) |0〉 is determined by the
quark condensate.
2. Large Nc
Let us now consider the limit Nc → ∞, at a
fixed value of the renormalization group invari-
ant scale ΛQCD [3]. In this limit, the running cou-
pling constant g disappears: Nc g
2 tends to a con-
stant. The leading contributions to the connected
correlation functions of the quark currents stem
from those graphs that contain a single quark loop
(contributions from graphs with ℓ quark loops are
at most of order N2−ℓc ). In particular, the two–
point–function considered above is dominated by
graphs with a single quark loop, so that the l.h.s.
of the Ward identity (1) is of order Nc. On the
right, the contribution from the quark conden-
sate is also of this order. The graphs relevant for
the anomalous term 〈0|TωP b |0〉, however, are at
most of order (Nc)
0. For large values of Nc, the
term that invalidates the conservation law for the
singlet axial current is thus suppressed by one
power of 1/Nc, so that the argument given in the
preceding section then also applies to the singlet
current: In the limit Nc →∞, the spectrum of
QCD must contain a ninth Goldstone boson. In
other words, if the quark masses mu, md, ms are
turned off and if the number of colours is sent to
infinity, the mass of the lightest bound state with
the quantum numbers of P 0 |0〉, the η′, tends to
zero.
To my knowledge, the large–Nc limit repre-
sents the only coherent theoretical explanation
of the Okubo-Zweig-Iizuka rule, whose approxi-
mate validity is documented by many examples.
It is clear, however, that a world containing nine
massless strongly interacting particles resembles
the one we live in only vaguely. In particular, the
limit strongly distorts the mass spectrum of the
pseudoscalars. We need to account for the terms
generated by the anomaly, even if they tend to
zero when Nc becomes large. This can be done by
replacing the limit through an expansion in pow-
ers of 1/Nc. The method is extensively discussed
in the literature and the leading terms of the ef-
fective lagrangian are known since a long time [4].
More recently, the expansion in powers of 1/Nc,
momenta and quark masses was extended to first
non–leading leading order [5,6]. I wish to discuss
some new results obtained on the basis of this
approach.
One particular reason for studying the large–
Nc limit in the framework of chiral perturbation
theory is an ambiguity that affects phenomeno-
logical determinations of the quark mass ratios.
As pointed out by Kaplan and Manohar [7],
the standard framework only exploits the sym-
metry properties of the quark mass term and
these remain the same if the quark mass ma-
trix is subject to the transformation m′ = m +
α (m†)−1 detm, where α is an arbitrary parame-
ter. Indeed, the standard effective lagrangian is
invariant under the operation, provided the effec-
tive coupling constants are transformed accord-
ingly. This implies that, beyond leading order,
the quark mass ratios cannot be determined on
purely phenomenological grounds. As noted al-
ready in ref. [8], however, the ambiguity disap-
pears in the large–Nc limit, because the above
transformation of the quark mass matrix violates
the OZI rule: The transformation law for the ef-
fective coupling constants shows that the param-
eter α is a quantity of order 1/Nc. Indeed, in the
expansion of the effective lagrangian introduced
below, the ambiguity only shows up at next-to-
next-to leading order.
The limit Nc → ∞ enlarges the symmetry
group of the massless hamiltonian from G =
SU(3)
R
× SU(3)
L
×U(1)
V
to G = U(3)
R
×U(3)
R
,
while the subgroup that leaves the ground state
invariant remains the same, H = U(3)
V
. The
Goldstone bosons live on the coset space G/H.
For a finite number of colours, G/H = SU(3),
while at Nc = ∞, G/H = U(3). The occurrence
of an extra Goldstone boson implies that the stan-
dard chiral lagrangian does not cover the large–
Nc limit: A coherent effective field theory only
results if all of the Goldstone bosons are treated
as dynamical variables. The standard framework,
where the effective field U(x) represents an el-
ement of SU(3) must be replaced by one with
U(x) ∈ U(3) [4]. The unimodular part of the
field U(x) contains the degrees of freedom of the
3pseudoscalar octet, while the phase
detU(x) = eiψ(x)
describes the η′.
The effective Lagrangian is formed with the
field U(x) and its derivatives,
Leff =Leff (U, ∂U, ∂2U, . . .) .
The expression may be expanded in powers of
1/Nc, powers of momenta and powers of the
quark mass matrix m. It is convenient to or-
der this triple series by counting the three ex-
pansion parameters as small quantities of order
1/Nc = O(δ), p = O(
√
δ) and m = O(δ), respec-
tively [5]. The expansion then takes the form
Leff = L(0)+L(1)+ . . . , where the first term is of
order (δ)0, the second collects the corrections of
O(δ), etc. The explicit expression for the leading
term reads
L(0) = 14F 2〈∂µU †∂µU〉 (2)
+ 14F
2〈χ†U + U †χ〉 − 12τψ2 ,
where 〈X〉 stands for the trace of the 3 × 3 ma-
trix X and χ ≡ 2Bm. The three terms repre-
sent quantities of order Nc p
2, Ncm and (Nc)
0,
respectively. The first two are familiar from the
standard effective Lagrangian. They involve the
pion decay constant F = O(
√
Nc) and the con-
stant B, which represents a term of order (Nc)
0,
related to the quark condensate. The coefficient
τ = O[(Nc)
0] of the third term is the topological
susceptibility of the purely gluonic theory. In eu-
clidean space, this quantity represents the mean
square winding number per unit volume,
τ =
∫
d4x〈0|Tω(x)ω(0) |0〉g .
3. Range of validity of ChPT
With the above effective lagrangian, the mass
pattern of the pseudoscalar nonet is readily
worked out: Set U = eiφ and consider the terms
quadratic in φ,
L(0) = 14F 2〈∂µφ∂µφ〉 − 14F 2〈χφ2〉
− 12τ〈φ〉2 +O(φ4) . (3)
I have expressed the phase of the determinant in
terms of the trace of the field, ψ = 〈φ〉. For the
off–diagonal components of φ, this yields the stan-
dard mass formulae of current algebra:
M2π+ = (mu +md)B ,
M2K+ = (mu +ms)B , (4)
M2K0 = (md +ms)B .
The diagonal components undergo mixing – the
levels π0, η and η′ repel. In particular, the neutral
pion is pushed down and winds up at a mass that
is slightly lower than the one of the charged pion
(the effect is proportional to (md −mu)2 and is
tiny – the observed mass difference is due almost
entirely to the e.m. interaction). The prediction
forMη andMη′ depends on the relative size of the
quark masses and the topological susceptibility,
which it is convenient to parametrize through the
ratio
κ ≡ F
2Bms
9 τ
.
For κ ≪ 1, the singlet component of the field ef-
fectively decouples, so that the mass of the η is ap-
proximately given by the Gell-Mann-Okubo for-
mula, M2η =
1
3 (4M
2
K −M2π), while M2η′ ≃ 6 τ/F 2.
In the opposite limit, κ≫ 1, where the suscepti-
bility term becomes irrelevant, the η is degenerate
with the π and M2η′ = 2M
2
K −M2π.
The standard framework with U(x) ∈ SU(3) re-
sults if the above effective lagrangian is expanded
in powers of κ, or equivalently, in inverse pow-
ers of τ . The η′ then counts among the mas-
sive states, which do not show up as dynami-
cal degrees of freedom, but only manifest them-
selves indirectly, in the effective coupling con-
stants. The singlet component ψ may then be in-
tegrated out, generating a correction of the form
L7 〈χ†U − U †χ〉2, with [9]
L7 = − F
4
288 τ
{
1 +O
(
1
Nc
)}
. (5)
This result gives rise to a paradox [10]: If the
limit Nc →∞ is taken at fixed quark masses, the
“correction term” proportional to L7 grows with
N2c and thus dominates over the “leading part”
of the effective lagrangian, which is of order Nc.
4The reason is that, in this limit, the mass of the
η′ is comparable to the masses of the remaining
pseudoscalars, so that ψ cannot be integrated out.
The parameter κ becomes large, while the stan-
dard effective lagrangian only covers the region
κ ≪ 1. Nevertheless, it is perfectly meaningful
to consider the large–Nc behaviour of the effec-
tive coupling constants occurring in the standard
framework. By definition, these are independent
of the quark masses. They may be worked out by
treating m as an infinitesimal quantity, so that
the condition κ≪ 1 is obeyed. The resulting low
energy theorem (5) is not in conflict with general
properties of QCD, but merely shows that, if the
limit Nc is taken at fixed m, we are necessarily
leaving the region covered by standard ChPT .
We may determine the topological susceptibil-
ity with the mass of the η′. The mass formula for
the η then takes the form
M2η = m
2
0 −
8 (M2K −M2π)2
9 (M2η′ −m20)
,
wherem20 ≡ 13 (4M2K−M2π) is the value ofM2η that
follows from the Gell-Mann-Okubo formula. The
remainder originates in the repulsion between η
and η′ and represents an SU(3)–breaking effect of
second order. Inserting the observed masses, we
obtain Mη = 494MeV, to be compared with the
experimental value, Mη = 547MeV and with the
Gell-Mann-Okubo formula, which predicts Mη =
566MeV. The repulsion between the two levels
thus lowers the value of Mη by about 70 MeV.
The shift is proportional to κ: The mass of the
η is approximately given by M2η ≃ m20 (1 − κ).
Although the shift is about four times too large,
it does make sense to treat it as a correction –
the value κ ≃ 23M2K/M2η′ is in the range where
standard ChPT applies.
4. Wess-Zumino-Witten term
The anomalies of the fermion determinant not
only equip the η′ with a mass. They also ex-
plain the lifetime of the π0: At leading order of
the low energy expansion, the transitions π0 →
γγ, η → γγ and η′ → γγ are described by
the Wess-Zumino-Witten term, which accounts
for the anomalies in the framework of the effec-
tive theory and is proportional to the number of
colours. The piece relevant for the above transi-
tions is given by
LWZW = −Ncα
4π
Fµν F˜
µν〈Q2eφ〉 , (6)
where α, Fµν and Qe denote the fine structure
constant, the e.m. field strength and the quark
charge matrix, respectively. I normalize the cor-
responding decay rates with Fπ ,
ΓP→γγ =
α2M3
P
N2c
576 π3F 2π
c2
P
.
The experimental values given by the Particle
Data Group [11] correspond to cπ0 = 1.001 ±
0.036, cη = 0.944± 0.040, cη′ = 1.242± 0.027.
At leading order, the standard framework with
8 Goldstone bosons leads to cπ0 = 1, cη =
3 〈Q2eλ8〉 = 1/
√
3. The prediction for the lifetime
of the π0 is in perfect agreement with the data,
but the result cη ≃ 0.58 is too low. Also, this
framework does not shed any light on the value
of cη′ .
In the extended effective theory, the octet in-
terferes with the singlet. At leading order, the
corresponding mixing angle is determined by
tgϑ = −
√
8 (M2K −M2π)
3 (M2η′ −m20)
.
The result for cπ0 remains the same, but the one
for cη is modified by mixing. Moreover, we now
also obtain a prediction for the η′ :
cη = 1/
√
3 (cosϑ−
√
8 sinϑ) ,
cη′ = 1/
√
3 (
√
8 cosϑ+ sinϑ) .
Numerically, these relations lead to ϑ = −20◦,
cη = 1.09, cη′ = 1.34. The extended lagrangian
thus yields a decent approximation for all three
photonic transitions – the observed amplitudes
differ from the prediction by less than 15 %.
5. Georgi’s inequality and higher orders
Above, I have fixed the quark mass ratios with
the mass formulae (4) that follow from the effec-
tive lagrangian (2). We may drop this input and
work out the masses Mη, Mη′ , leaving the ratio
S =
ms
mˆ
=
2ms
mu +md
5open. As pointed out by Georgi [12,13], the re-
sult forMη/Mη′ is smaller than what is observed,
quite irrespective of the value of S. The number
which results for S = (2M2K −M2π)/M2π = 25.9 is
very close to the upper bound, which is too low
by about 10 %.
Another evident deficiency of the effective la-
grangian (2) is that it leads to FK = Fπ, while
the observed values are in the ratio FK = 1.22Fπ.
Clearly, the higher order terms cannot be ne-
glected at the 10 % level. In fact, it was noted
already in ref. [9] that these generate a shift in
the mass of the η that counteracts the repulsion
from the η′.
The explicit expression for the terms of order δ
reads [5]
L(1) = L5〈∂µU †∂µU(χ†U + U †χ)〉 (7)
+L8〈χ†Uχ†U + h.c.〉+ 112Λ1F 2∂µψ∂µψ
+ 112Λ2F
2iψ〈χ†U − U †χ〉+ LWZW .
I have discarded contributions of the type (∂U)4,
because they do not contribute to the quanti-
ties under discussion. The terms with L5, L8 =
O(Nc) are familiar from the standard effective la-
grangian. Since L4 and L6 are of order (Nc)
0,
they only show up in L(2) (for a detailed discus-
sion of the large–Nc counting rules in the frame-
work of the effective theory, see ref. [9]). Concern-
ing L7, we need to distinguish the coupling con-
stant Lˆ7 occurring in the U(3)–lagrangian from
the one appearing in the standard framework.
While Lˆ7 is of order (Nc)
0 and does therefore
not show up in L(1), the integration over the sin-
glet component of the effective field gives rise to
the additional contribution discussed above, so
that the effective coupling constant relevant for
the SU(3)–lagrangian is given by
L7 = −F
4(1 + Λ2)
2
288 τ
+ Lˆ7 .
The coupling constants Λ1 and Λ2 are of order
1/Nc (I have extracted a factor of F
2, so that
these constants are dimensionless2). They de-
scribe differences in the dynamics of the octet and
singlet components of the effective field, which
2In ref. [5], these couplings are denoted by K1 =
−
1
12
F
2Λ2, K2 =
1
12
F
2Λ1.
arise from violations of the Okubo-Zweig-Iizuka
rule – in the large–Nc limit, this rule becomes
exact. The term with Λ1 modifies the kinetic en-
ergy of the singlet field; the normalization factor
is chosen such that this modification amounts to
∂µψ∂
µψ → (1 + Λ1)∂µψ∂µψ. The constant Λ2
affects the interference term between octet and
singlet, ψ〈χφ〉 → (1 + Λ2)ψ〈χφ〉, and also modi-
fies the mass term of the singlet.
6. Anomalous dimensions
As is well-known, the dimension of the singlet
axial current is anomalous [14]. This implies that
the singlet components of the matrix elements
〈0|qγµ 12λaq|P 〉 = ipµF aP
depend on the running scale:
µ
dF 0
P
dµ
= γA F
0
P
, γA = −
( g
2π
)4
+O(g6) .
A change in µ leads to a multiplicative renor-
malization: F 0
P
→ ZA F 0P . The problem does
not manifest itself at leading order, where F 0η =
− sinϑFπ, F 0η′ = cosϑFπ, because the anomalous
dimension is of order 1/Nc. Indeed, the scale de-
pendence is very weak: F 0
P
∝ exp(4/β20L), with
L = ℓn(µ/ΛQCD), β0 = 11− 2/3Nf .
For the generating functional of QCD to remain
invariant under a change of the running scale, it
does therefore not suffice to only renormalize the
external scalar and pseudoscalar fields. In addi-
tion, we also need to renormalize the singlet axial
field and the vacuum angle. The symmetry prop-
erties of the generating functional ensure that the
renormalization factors of aµ0 (x) and θ(x) are the
same. To simplify the renormalization group be-
haviour of the scalar and pseudoscalar external
fields, it is convenient to replace s(x) and p(x) by
the combinationm = eiθ/3(s+ip), which is invari-
ant under the transformations generated by the
singlet axial charge. The generating functional of
QCD does remain invariant under a change of the
running scale if the external fields are subject to
the transformation
m(x) → Z−1
M
m(x) ,
aµ0 (x) → Z−1A aµ0 (x) ,
θ(x) → Z−1
A
θ(x) ,
6where the term Z−1
M
represents the familiar factor
that describes the scale dependence of the quark
masses.
This property of the generating functional is
readily translated into the language of the effec-
tive theory. To maintain the transformation law
U → VRUV †L , we need to subject the singlet field
ψ to the same multiplicative renormalization as
the vacuum angle, ψ → Z−1
A
ψ, while the octet
components of φ(x) are scale independent. A
change in scale thus modifies the effective cou-
pling constants according to B → ZMB, τ →
Z2
A
τ , 1+Λ1 → Z2A (1+Λ1), 1+Λ2 → ZA (1+Λ2),
while F , χ, L5 and L8 are scale independent.
The Wess-Zumino-Witten term (6) is invariant
under a change of scale only up to contributions of
order 1/Nc. To arrive at a scale invariant effective
lagrangian, we need to add the term
L(2)1 = −
NcαΛ3
18π
Fµν F˜
µνψ , (8)
which belongs to L(2). The coupling constant
Λ3 describes the OZI-violations in the transitions
P → γγ and is of order 1/Nc. It transforms with
1 + Λ3 → ZA(1 + Λ3).
At order δ2, the effective lagrangian contains
further contributions. In particular, it contains
terms that contribute to the symmetry breaking
in the photonic transition matrix elements [15].
In the following, I ignore this complication, as-
suming that the symmetry breaking is dominated
by the interference between the octet and the sin-
glet, which the framework described here does ac-
count for to first nonleading order.
The discussion below is based in the diploma
work of R. Kaiser [16]. It relies on the assump-
tion that the expression L(0) + L(1) + L(2)1 rep-
resents a decent approximation to the full effec-
tive lagrangian. As mentioned earlier, an am-
biguity of the Kaplan-Manohar type does not
show up in this framework: As the corresponding
transformation of the quark mass matrix violates
the OZI rule, it represents a change of the type
m→ m{1+O(δ2)}, which is beyond the accuracy
of our analysis.
7. Results
Since loops start contributing only at order δ2,
it suffices to evaluate the tree graphs. For the
masses and decay constants, we may again re-
strict ourselves to the terms quadratic in φ =∑
a λ
aφa. While the masses are the square roots
of the eigenvalues of this quadratic form, the
decay constants are the entries of the matrix
that diagonalizes it: The eigenstates are given
by ϕP =
∑
a F
a
P
φa. For the photonic transition
matrix elements, the above lagrangian implies
√
3 (F 8η cη + F
8
η′ cη′) = Fπ , (9)√
3 (F 0η cη + F
0
η′ cη′) =
√
8Fπ(1 + Λ3) . .(10)
Both of these relations are manifestly scale invari-
ant.
Next, I exploit the fact that the coupling con-
stants Λ1 and Λ2 do not affect the part of the
lagrangian that is quadratic in the component
φ8 of the effective field. If the quark mass ratio
S = ms/mˆ is taken as known, we may determine
the constants L5 and L8 with Fπ , FK , Mπ and
MK , so that we arrive at a parameter free rep-
resentation of this part of the lagrangian. Com-
paring the result with the expression that follows
from the representation φP = F
8
P
φ8 + . . . for the
eigenstates, we obtain two analogues of the Gell-
Mann-Okubo formula:
3
{
(F 8η )
2 + (F 8η′)
2
}
= 4F 2K − F 2π , (11)
3
{
(F 8η )
2M2η + (F
8
η′ )
2M2η′
}
= (12)
4F 2KM
2
K
2S
(S + 1)
− F 2πM2π (2S − 1) .
Both of these relations are valid to first nonlead-
ing order. The first one implies
F 8η = cosϑ8 F8 , F
8
η′ = sinϑ8 F8 ,
with F8 = 1.28Fπ. The mixing angle may be
determined with eq. (9): The observed values
of the transition matrix elements cη, cη′ require
ϑ8 = −20.5◦. Inserting this in (12), we may
then determine the quark mass ratio. The re-
sult, S = 26.6, is remarkably close to the current
algebra prediction, S = (2M2K−M2π)/M2π = 25.9.
The coupling constant L5 generates an off-
diagonal part in the kinetic term. Comparing
7the coefficient of ∂µφ8 ∂
µφ0 with the one that
follows from the representation in terms of the
eigenstates, we obtain
3
{
F 8ηF
0
η + F
8
η′F
0
η′
}
= (13)
−2
√
2 (F 2K − F 2π ) (1 +O(δ)) .
The relation shows that, at this order of the
low energy expansion, the vectors (F 8η , F
8
η′) and
(F 0η , F
0
η′) are not orthogonal to one another: We
need to distinguish the mixing angle of the singlet
components,
F 0η = − sinϑ0 F0 , F 0η′ = cosϑ0 F0
from the one introduced above. The relation (13)
determines the difference:
sin(ϑ0 − ϑ8) = 2
√
2 (F 2K − F 2π )
3F 28
(1 +O(δ)) .
I have written the relation in scale invariant form,
making use of the fact that the difference between
F0 and F8 is of order δ. Numerically, the formula
yields ϑ0 ≃ −4◦. The term responsible for the dif-
ference between FK and Fπ thus also generates a
substantial difference in the two mixing angles.
Since ϑ0 turns out to be remarkably small, the
state |η〉 is nearly orthogonal to A0µ |0〉 – in this
sense, the η is nearly pure octet. To my knowl-
edge, this is a new result (see the review by Bi-
jnens [17]; for more recent discussions of related
phenomena, I refer to [18,19]).
The relation (10) implies F0 = 1.25Fπ (1+Λ3).
The numerical value of F0 cannot be determined
phenomenologically, because it depends on the
renormalization scale – all of the coupling con-
stants τ , Λ1, Λ2, Λ3 are scale dependent. We may
express the result for these in terms Λ3. The nu-
merical values of the scale invariant combinations
are τ/(1 + Λ3)
2 = (195MeV)4, Λ1 − 2Λ3 = 0.25,
Λ2 − Λ3 = 0.28. For the remaining coupling con-
stants, we obtain F = 90.6MeV, L5 = 2.2 · 10−3,
L7 = −0.3 · 10−3, L8 = 1.0 · 10−3.
8. Discussion
The sensitivity of the result for the quark mass
ratio to the input used for the decay rates is
shown in fig.1. The tilted lines represent con-
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Figure 1. Sensitivity of the quark mass ratio S =
ms/mˆ to the input used for the decay rates Γη→γγ
and Γη′→γγ .
stant values of S. The rectangle corresponds to
the experimental errors quoted above.
The calculation described in the preceding sec-
tion gives rise to another paradox: According to
ref. [5], the effective lagrangian we are using here
leads an upper bound for S. The argument does
not invoke the experimental information about
the decay rates and implies that the current al-
gebra value S = 25.9 represents an upper limit.
Although this is within the uncertainties of the
above result, it is instructive to identify the ori-
gin of the difference.
In ref. [5], the matrix elements of the 2 × 2
matrices that occur in the diagonalization proce-
dure are expanded in powers of 1/Nc and only
the first two terms are retained. In particular,
∆N ≡ 24L5τF−4+ 12Λ1−Λ2 is treated as a small
parameter, because it represents a term of order
1/Nc. The contributions from the OZI-violating
coupling constants Λ1,Λ2 are indeed small, but
the first term is not: While the susceptibility
is related to the mass of the η′, τ ≃ 16M2η′F 2,
the coupling constant L5 is dominated by the ex-
change of scalar resonances, L5 ≃ 14F 2/M2a0 , so
that ∆N ≃ M2η′/M2a0 . Since the two masses are
nearly the same, this estimate yields ∆N ≃ 1
(indeed, the explicit evaluation of the coupling
8constants with the input specified above yields
∆N = 1.0). Despite the fact that ∆N is of order
1/Nc, it is not numerically small for Nc = 3.
The leading contribution to ∆N represents a ra-
tio of two terms in the effectie lagrangian: Com-
pare the term 2L5〈∂µφ∂µφχ〉 from L(1) to the
term 14F
2〈φ2χ〉 from L(0). For the η′ matrix el-
ements, the square of the momentum is equal to
M2η′ , so that the ratio of the two terms is given by
8L5M
2
η′/F
2 ≃ 48L5τ/F 4 ≃ 2∆N . Hence the ma-
trix element of one of the terms in L(1) is about
twice as large as the corresponding matrix ele-
ment of one of those contained in L(0). At first
sight, this looks like a desaster for the expansion
we are using here, which treats L(1) as a pertur-
bation. It is not the expansion as such which
fails, however. The ratio is large because the
term we picked out from L(0) does not represent
the main contribution, which arises from 12τψ
2.
Compared to this term, the one from L(1) does
indeed represent a small correction. In fact, the
results obtained for the masses and decay con-
stants explicitly show that, throughout, the first
order corrections are reasonably small compared
to the leading terms. In particular, the OZI–
violating coupling constants are small. In this
sense, the 1/Nc–expansion is a coherent scheme,
also in the pseudoscalar channel. As witnessed
by the mass ratio M2η′/M
2
a0 , it is not true, how-
ever, that all dimensionless quantities of physical
interest that vanish for Nc → ∞ are numerically
small for Nc = 3. The formal expansion used in
ref. [5] in effect treats each one of the terms in
L(1) as small compared to each one of those in
L(0) – this is not the case.
9. Conclusion
The simplest form of the large–Nc hypothesis is
the assumption that all dimensionless quantities
of physical interest that disappear when Nc →∞
are numerically small for Nc = 3. In this form,
the hypothesis evidently fails: In the world we
live in, the mass ratio M2η′/M
2
a0 is about equal to
one, despite the fact that it represents a quantity
of order 1/Nc. If we wish, we may blame this
on the fact that the topological susceptibility of
Gluodynamics happens to be rather large.
The analysis described here relies on a weaker
form of the large–Nc hypothesis, namely the as-
sumption that the terms occurring in the effec-
tive lagrangian approximately obey the Okubo-
Zweig-Iizuka rule. It implies that those effective
coupling constants which do not receive contri-
butions from graphs with a single quark loop are
suppressed. At order p2, this hypothesis requires
the terms
Λ1F
2(∂ψ)2 and Λ2F
2i ψ〈χU − U †χ〉
to be small compared to
F 2〈∂U †∂U〉 and F 2〈χU + U †χ〉 ,
respectively. At order p4, the same hypothesis im-
plies that the terms proportional to L4, L6 and Lˆ7
are small compared to those with L5, L8. In this
form, the 1/Nc expansion indeed leads to a coher-
ent picture for the masses, decay constants and
photonic transitions of the pseudoscalar nonet.
The effective lagrangian used collects all terms
of first nonleading order in the simultaneous ex-
pansion in powers of 1/Nc, momenta and quark
masses. The main limitation of the calculation
reported here is that this lagrangian does not ac-
count for the symmetry breaking corrections to
the Wess-Zumino-Witten term: I am assuming
that the symmetry breaking in the photonic tran-
sitions is dominated by the one due to the inter-
ference between the octet and the singlet.
The observed rates for η → γγ and η′ → γγ
indicate that the OZI-violations in these matrix
elements are small. The result obtained for the
quark mass ratio ms/mˆ is very close to the cur-
rent algebra value. The main effect generated by
the corrections to the well-known leading order
lagrangian concerns η − η′ mixing: At the order
of the low energy expansion considered here, we
need to distinguish two mixing angles. The anal-
ysis leads to a low energy theorem, which states
that the difference between the two is determined
by FK −Fπ. The mixing angle seen in the singlet
components of the decay constants turns out to
be much smaller than the one in the octet com-
ponents: ϑ8 ≃ −20◦, ϑ0 ≃ −4◦.
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